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Abstract—The main contribution of this paper is to present
Bitwise Parallel Bulk Computation (BPBC) technique, to accel-
erate bulk computation, which executes the same algorithm for
a lot of instances in turn or in parallel. The idea of the BPBC
technique is to simulate a combinational logic circuit for 32 inputs
at the same time using bitwise logic operators for 32-bit integers
supported by most processing devices. We will show that the
BPBC technique works very efficiently on a CPU as well as on a
GPU. As a simple example of the BPBC, we first show that the
pairwise sums of a lot of integers can be computed faster using the
BPBC technique, if the values of input integers are not large. We
also show that the CKY parsing for context-free grammars can
be implemented in the GPU efficiently using the BPBC technique.
The experimental results using Intel Core i7 CPU and GeForce
GTX TITAN X GPU show that the GPU implementation for the
CKY parsing can be more than 400 times faster than the CPU
implementation.

Keywords-Parallel algorithms, bulk computation, bitwise oper-
ations, context-free grammar

I. INTRODUCTION

The GPU (Graphics Processing Unit) is a specialized circuit
designed to accelerate computation for building and manip-
ulating images [1], [2], [3]. Latest GPUs are designed for
general purpose computing and can perform computation in
applications traditionally handled by the CPU. Hence, GPUs
have recently attracted the attention of many application devel-
opers [1], [4], [5], [6]. NVIDIA provides a parallel computing
architecture called CUDA (Compute Unified Device Architec-
ture) [7], the computing engine for NVIDIA GPUs. CUDA
gives developers access to the virtual instruction set and
memory of the parallel computational elements in NVIDIA
GPUs. In many cases, GPUs are more efficient than multicore
processors [8], since they have hundreds of processor cores
and very high memory bandwidth.

CUDA uses two types of memories in the NVIDIA GPUs:
the shared memory and the global memory [7]. The shared
memory is an extremely fast on-chip memory with lower ca-
pacity, say, 16-48 Kbytes. The global memory is implemented
as an off-chip DRAM, and thus, it has large capacity, say,
1.5-12Gbytes, but its access latency is very long. The efficient
usage of the shared memory and the global memory is a
key for CUDA developers to accelerate applications using
GPUs. In particular, we need to consider the bank conflict

of the shared memory access and the coalescing of the global
memory access [5], [8], [9]. The address space of the shared
memory is mapped into several physical memory banks. If two
or more threads access the same memory banks at the same
time, the access requests are processed one by one. Hence,
to maximize the memory access performance, threads of
CUDA should access distinct memory banks to avoid the bank
conflicts of the memory accesses. To maximize the bandwidth
between the GPU and the DRAM chips, the consecutive
addresses of the global memory must be accessed at the same
time. Thus, CUDA threads should perform coalesced access
when they access the global memory.

A sequential algorithm is oblivious if an address accessed at
each time unit is independent of the input [10]. For example,
the prefix-sums of an array b of size n can be computed by
executing bfi] < bli] + b[i — 1] forall ¢ (1 <i < n-—1)
in turn. This prefix-sum algorithm is oblivious because the
address accessed at each time unit is independent of the values
stored in b. The bulk execution of a sequential algorithm is to
execute it for many different inputs in turn or at the same time.
For example, suppose that we have p arrays by, b1, ...,b,—1
of size n each. We can compute the prefix-sums of each b;
(0 < j < p—1) by executing the prefix-sum algorithm on
a single CPU in turn or on a parallel computer in parallel.
The bulk execution has many applications. For example, the
conventional FFT algorithm [11] for n points running in
O(nlogn) time is oblivious. In practical signal processing,
an input stream is equally partitioned into many blocks, and
the FFT algorithm is executed for each block in turn or
in parallel. This is exactly the bulk execution of the FFT
algorithm. In our previous paper [10], we have introduced
the bulk execution of sequential algorithms, and show that
they can be implemented in the GPU very efficiently if they
are oblivious. In [12], we have also developed a conversion
tool C2CU, which automatically generates an efficient CUDA
program for the bulk computation from an oblivious sequential
C language program. Quite surprisingly, the bulk computation
can achieve speed-up factor of more than 100, even if it does
not use the shared memory of the GPU.

The main contribution of this paper is to present a novel
technique, the Bitwise Parallel Bulk Computation (BPBC)
technique. The bulk execution for oblivious algorithms pre-



sented in our previous papers [10], [12] is word-wise in the
sense that each of data is stored in a word such as a 32-
bit integer. On the other hand, the BPBC technique supports
ultimate fine grained bitwise parallelism and thus can achieve
very high acceleration over the straightforward sequential
computation. The BPBC technique simulates a combinational
logic circuit for a lot of instances at the same time. More
formally, let f be a function computed by a combinational
logic circuit and Xg, X1,...,Xap—1 be the M inputs. By
the BPBC technique f(Xp), f(X1), ..., f(Xam—1) can be
computed very efficiently. The idea of the BPBC technique is

« to store data bits of each input instance in a particular bit
of words of data, say 32-bit integers, and

o to simulate the combinational logic circuit for 32 input
vectors at the same time by bitwise logic operations
supported by computing devises such as CPUs and GPUs.

The BPBC technique is inspired by our previous work [13],
which shows an efficient simulation of the Conway’s Game of
Life [14], a well-known cellular automaton. The next state of
each cell in a cellular automaton is computed by simulating
a combinational logic circuit. Thus, a state of each cell is
stored in a bit of a 32-bit integer, and the combinational
logic circuit to compute the next state is simulated by bitwise
logic operations. One of the contributions of this paper is to
generalize this idea and to name it the BPBC technique.

As a very simple example of the BPBC, we first show that
the pairwise sums of integers can be accelerated if the value of
integers are small. Suppose that 32 pairs (A, By), (41, B1),
... (As1, Bs1) of 32-bit integers are given, and we want to
compute the pairwise sums Ag+ By, A1 + B, ..., As1+ Bs;.
Clearly, 32 addition operations can complete the computation
of pairwise sums. The BPBC technique for this task simulates
thirty two 32-bit ripple-carry adders by 32-bit bitwise opera-
tions, such as bitwise OR, AND, and XOR. Figure 1 illustrates
the naive pairwise addition and the BPBC pairwise addition
for four pairs of 4-bit numbers. The naive pairwise addition
performs addition operation four times. On the other hand,
the BPBC pairwise addition simulates a 4-bit ripple-carry
adder for (As,As, A1, Ao) and (Bs, Bz, B1,Bp) to obtain
(Cs3,Ca,C1,Cp). In most practical application programs, A’s
and B’s do not have full 32 bits. In some applications, all
integers stored in 32-bit integer may have only 10-20 bits.
The running time of a naive pairwise addition cannot be
reduced even if the these numbers are very small. On the other
hand, the computation of pairwise sums by the BPBC can be
accelerated if values of A’s and B’s are small. For example,
if these numbers are less than 216, then we can compute the
pairwise sums by simulating 16-bit ripple-carry adders. Our
experimental results show that, the pairwise sum by the BPBC
is faster than the naive pairwise addition if the number of bits
of input numbers is at most 19 on the CPU, that is, the values
are less than 2'°. Also, the pairwise sum by the BPBC is faster
than the naive pairwise addition if the number of bits of input
numbers is at most 29 on the GPU, that is, the values are less
than 229, Also, the GPU implementation of the pairwise sums

by the bitwise parallel bulk computation can be more than 20
times faster than the CPU implementation. Thus, we can say
that the BPBC technique is a potent method to accelerate the
bulk computation using the GPU.

As a practical and complicated application, we will show
that the CKY parsing of a context-free grammar [15] for many
inputs can be done very efficiently using the BPBC technique.
Let G = (N,%, P,S) denote a context-free grammar such
that IV is a set of non-terminal symbols, ¥ is a set of terminal
symbols, P is a finite production rules, and S (€ N) is the start
symbol. Let f(G,z) be a function such that G is a context-
free grammar, x = xoxy - - Tp—1 i a string of length n, and
f(G,z) returns a Boolean value. Function f(G,x) returns
TRUE if and only if G derives «x. It is well-known that the
CKY (Cocke-Kasami-Younger) parsing [16] computes (G, x)
in O(n3) time, where n is the length of x [16]. The idea of the
CKY parsing is to compute a 2-dimensional table T[4, j] called
CKY table by the dynamic programming technique. Each
element of T'[i,j] stores a subset of non-terminal symbols
that can derive substring x;x;41 - - - ; by repeatedly applying
production rules in P. Usually, each element of Ti,j] is
implemented as an array of size | V| to maintain the subset of
N. More specifically, T'[i, j][k] = 1 if the k-th non-terminal
symbol in N can derive substring x;x;11 - - - x; by applying
production rules. In most implementations of the CKY parsing,
the value of each T'[7, j][k] is stored in a word, such as a 32-
bit integer. Since each T'[i, j][k] stores 1-bit Boolean value, it
is inefficient to use an array of words to store T'[i,j]. Our
idea to apply the BPBC technique to the CKY parsing is
to compute 32 CKY tables for 32 input strings at the same
time. Suppose that 32 input strings are given and we want to
perform the CKY parsing for each of them. Let Ty, 71, ..., T51
denote 32 CKY tables to be computed. We store 32 values
Toli, jlk], Tu i, 7][K], - . -, Ts1[i, 7][k] in a 32-bit integer for
each 7, 7, and k. The CKY parsing can be done by iterative
simulation of combinational logic circuit [17], [18], the BPBC
technique can be applied to it.

The parsing of context-free languages has many applications
in various areas including natural language processing [19],
[20], compiler construction [16], informatics [21], among
others. Several studies have been devoted for accelerating the
parsing of context-free languages [20], [22], [23], [24]. It has
been shown that parsing of a string of length n can be done
in O((logn)?) time using n® processors on the PRAM [23].
Also, using the mesh-connected processor arrays, the parsing
can be done in O(n?) time using n processors as well as
in O(n) time using n? processors [24]. Later in [22], an
algorithm that runs on a systolic array with n? finite-state
processors with one-way communication running in linear
time has been presented. In [25], it was shown that parsing
can be accomplished on a one-way linear array of n? finite-
state processors in linear time. Since these parallel algorithms
need at least n processors, they are unrealistic for large n.
Ciressan et al. [26], [27] and Bordim et al. [17], [18] have
presented hardwares for the CKY parsing for context-free
grammars and have tested them using FPGAs. In [17], it



Ao ao,3 | ao,2 | @o,1 | a@o,0 + Bo bo,3 | bo,2 | bo,1 | bo,o N Co co0,3 | co2 |co1 | coo0
A1 ai3 | ai2 [ a1 | aio + Bi| b1,3 | b1,2 | b1,1 | b1y0 N Cilcig |c2 |e11 |
Az az23 | azz2 | a21 | azo + Ba| by3 | ba2 | b2,1 | b2 N Cal cag | co2 |e21 |20
As a3,3 | az,2 | a3;1 | aso + B3| b33 | b32 | b3 | bso - C3| c33 |ca2 |esn1 |eso
(1) naive pairwise addition for computing A; + B; — C; fori=0,1,2,3

As A2 A1 Ao B3 B2 B Bo Cs Ca C1 Co

ao,3 | |ao,2 | |ao,1 | |ao,0 + bo,3 | |bo,2 | |bo,1 | [bo,0 N c0,3 | |co,2 | |co,1 | |co,0

a1,3| (a2 ||a1,1]||a1,0 n b1,z | |b1,2 | |b1,1 | |b1,0 N c1,3 | |et,2 | |e1,1 | |et,0

a3 | |a2,2 | |az2,1| |az0 n ba,3 | |b2,2 | |b2,1 | [b2,0 N c2,3 | |c2,2 | |c2,1 | |e2,0

a3,3| |a3,2||a3,1||as0 n b33 | |b3,2 | |b3,1 | |b3,0 N c3,3 | |e3,2 | |e3,1 | |e3,0

(2) BPBC pairwise addition
Fig. 1. The naive pairwise addition and the BPBC pairwise addition for four pairs of 4-bit numbers

has been shown that the CKY parsing with 64 non-terminal
symbols and 8192 production rules can be done in 162us
for an input string of length 32 using an APEX20K family
FPGA. Our GPU implementation can do the same task in only
3.68us per one input string. Hence our implementation is more
than 40 times faster than the FPGA implementation. Quite
recently, GPU implementations of CKY parsing have been
presented [28], [29]. However, these implementation uses the
straightforward bottom-up process, which performs only one
CKY parsing.

This paper is organized as follows: In Section II, we
introduce the Bitwise Parallel Bulk Computation (BPBC) tech-
nique that simulates a combinational logic circuit for a lot of
instances, and show theoretical analysis of performance of the
BPBC. Section III briefly explains the CKY parsing for context
free grammars and evaluates the performance. In Section IV,
we show how we apply the BPBC technique to the CKY
parsing and evaluate the performance. In Section V, we explain
the Unified Memory Machine (UMM) [30], [31], which is a
theoretical model of GPU computing using the global memory,
and evaluate the performance of the BPBC on the UMM.
Section VI shows experimental results on the performance of
the BPBC technique for the pairwise sum computation and the
CKY parsing. Section VII provides concluding remarks and
future work.

II. BITWISE PARALLEL BULK COMPUTATION (BPBC)

The main purpose of this section is to show the idea of
Bitwise Parallel Bulk Computation (BPBC). This idea is work
well not only for a multi-core machine but also for a single
CPU.

Let f:{0,1}™ — {0,1}" be a function with m input bits
and n output bits. Since f is a function, there exists a combina-
tional logic circuit that computes f. Let Xg, X1,..., Xgq—1 be
d inputs of m bits each. Suppose that we want to compute
f(Xo), f(X1),..., f(X4—1). We can evaluate these values
one by one using a single CPU. Also, we can use d processor
cores and compute f(X;) for each X; (0 < i < d— 1) using
one processor each. Our new idea, Bitwise Parallel Bulk Com-
putation (BPBC) can perform this computation much faster
than these straightforward sequential and parallel algorithms
simulating the combinational logic circuit independently for
all inputs.

Let ; 0x;,1 - - - ©i,m—1 denotes m bits of each X; (0 <7 <
d — 1). Further, let xo ;1 ;- - Tq—1,; be X;. We assume that
CPU can handle d-bit word and each X is stored in a d-bit
word. By bitwise logic operations for X;, we can simulate a
combinational logic circuit for computing f, and can obtain
the values of f(Xo), f(X1),...,f(Xq—1) at the same time.
For example, let f(a,b,c¢) = (y,z) such that y = (a A b) V
(bAc)V(cAa)and z = a® b® c. In other words, f is a
function simulating a full adder. Also, let a;b;c; denotes three
bits of each X; (0 < ¢ < d — 1). We assume that we have
three d-bit words A = aga; ---aq—1, B = bob1 -+ - bg—1, and
C = cpcy -+ -cqg—1. We want to compute Y = yoy1 - Yd—1
and Z = 20”1 Rd—1 such that (yu 2,’7,) = f(ai, bi; Ci) for all
1 (0 <7 < d—1). Clearly, by performing

Y « (AAB)V(BAC)V(CAA), and
Z +— A9 BaoC,

where A, V, and @ represent bitwise AND, OR, and XOR
operators in this context. After executing this program, ¥ and



Z store the resulting values of f(A, B,C).

Let us see a bit more complicated example. Suppose that
we have two sequences of d numbers with d bits each. Let
A = Ap,Aq,...,A;1 and B = By, By,...,B4_1 denote
these two sequences, and a;; and b; ; be the j-th bits of
A; and B;, respectively. Our goal is to compute sequence
Co,C1,...,Cq_1 of d numbers with d bits each, such that
C; = (A; + B;)mod 2¢ for each i (0 < i < d — 1).
Clearly, we can obtain C' by computing the pairwise sums
of two sequences A and B in O(d) time by an obvious
sequential algorithm as illustrated in Figure 1 (1). Let us
apply the BPBC technique for this problem. Let A; and B;
be words of d bits each such that A; = ag jai; - aq—1,;
and B; = by jb1 ;- --bg—1,;.- The goal is to compute the sum
Cj = cg 51,5 - Ccq—1,5 such that ¢; ; is the j-th bit of C; as
illustrated in Figure 1 (2). We can obtain C by simulating a
d-bit ripple-carry adder as follows:

Co + Ay By

T « AoABg

Ci « AeBiaoT

T — (AAAB)VAAT)V(BLIAT)

Co + AdBaT

T + (AAB)V(AIAT)V(B2AT)
Ci1 < Ago0®By 20T

In this algorithm, 7 is a d-bit temporal variable used to store
carry bits. Clearly, this algorithm runs O(d) time. Hence, the
computing time is the same as the obvious sequential algo-
rithm. However, if the numbers stored in A and B are small,
we can omit the computation. More specifically, suppose that
all numbers in A and B are less than K. Since the pairwise
sums in C are less than 2K, all C;’s (log K +1<i<d-—1)
are zero. Thus, we can omit the computation for these C;’s
and the computing time can be decreased to O(log K).

Let us evaluate the computation performed the BPBC
technique. Again, let f : {0,1}"™ — {0,1}" be a function
with m input bits and n output bits. We assume that f can
be computed by a combinational logic circuit with s gates.
We have M inputs Xy, X1,..., Xa/—1 with m bits each and
compute f(X;) foralli (0 <i < M —1). Since f(X;) can be
computed in O(s) time by simulating the combinational logic
circuit, we can evaluate all f(X;) for all 4 in O(sM) time.

To apply our bitwise computation technique, we partition
the input into % groups of d inputs each. Let x; ; denote the
j-th bit of X; as before. Since the first group has d inputs
X0, X1,...,Xq-1, We store each j-th bit (0 < j<d—1)in
a d-bit integer X such that X; = zg jx1 ;- - - xq—1,;. Clearly,
the values of f(X;) forall ¢ (0 <4 < d—1) can be computed
in O(s) time by simulating the combinational logic circuit
by bitwise logic operations. The values of f(X;)’s remaining
groups can be computed in the same way. Thus, we have,

Theorem 1: The bulk computation of simulating a combi-
national circuit with s gates for M inputs can be done in

O(%) time using a single d-bit processor.

III. THE CKY PARSING

The main purpose of this section is to briefly describe the
CKY parsing and evaluate the performance.

Let G = (N, X, P,S) denote a context-free grammar such
that IV is a set of non-terminal symbols, 3 is a set of terminal
symbols, P is a finite production rules from N to (N U X)*,
and S (¢ N) is the start symbol. A context-free grammar
is said to be in Chomsky Normal Form (CNF), if every
production rule in P is in either form A — BC (binary rule)
or A — a (unary rule), where A, B, and C' are non-terminal
symbols and a is a terminal symbol. Note that any context-free
grammar can be converted into an equivalent CNF context-free
grammar, For later reference, let po and p; denote the numbers
of binary and unary production rules, respectively.

We are interested in the parsing problem for a context-
free grammar in CNFE. More specifically, for a given CNF
context-free grammar G and a string x over ¥, the parsing
problem is a problem to determine if the start symbol S
derives x by applying production rules in P. For example,
let Gexample = (N, %, P, S) be a context-free grammar such
that N = {S,A, B}, ¥ = {a,b}, and P = {S — AB,S —
BA,S - SS,A —- AB,B —- BA,A — a,B — b}. The
context-free grammar G derives abaab, because S derives it
as follows:

S = AB = ABA = ABAA = ABAAB = --- = abaab.

We are going to explain the CKY parsing scheme that
determines whether G derives x for a CNF context-free
grammar G and a string z. Let x = z122-- -z, be a string
of length n, where each a; (1 <4 < n) is in X. Let T[i, j]
(1 <14 < j < n) denote a subset of N such that every A
in T, j] derives a substring x;2;41 ---x;. The idea of the
CKY parsing is to compute every T'[i, j] using the following
relations:

Thii] = {A[(A—um)e€ P}
T(i,j] = |(J{A|(A— BC)e P,BeTlk], and
gzzeT[k—kl,j]}

A two-dimensional array T is called the CKY table. A
grammar G generates a string x if and only if S is in T'[1,n].
Let ®¢ denote a binary operator 2V x 2V — 2V such that
UegV={A|(A— BC)e PBeU, and C € V}. The
details of the CKY parsing are spelled out as follows:

[CKY parsing]

l. T[i,i] < {A| (A — z;) € P} forevery i (1 <i<n)
2. Tli,j]+ O foreveryiand j (1 <i<j<n)

3. for j < 2tondo

4. for i +— j — 1 downto 1 do

5 for k< itoj—1do
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J 3|SA|SB| A a
2 |SA| B a
1| A b
a
Fig. 2. The CKY table for Gexample and abaab.

The first two lines initialize the CKY table, and the next four
lines compute the CKY table. Figure 2 illustrates the CKY
table for Gexample and the string abaab. Since S € T'[1,5],
one can see that Gexample derives abaab.

Clearly, the last four lines are dominant in the CKY parsing.
Let ¢ be the computing time necessary to perform an iteration
of the line 6. Then, the running time is

n j—1j—1 n j—1

SN =t G i) = gt ).

j=2i=1 k=i j=2i=1

Let us evaluate the computing time ¢ necessary to perform
line 6, i.e., necessary to evaluate the binary operator ®g. A
straightforward sequential algorithm checks whether B € U
and C € V for every production rule A — BC in P. Clearly,
using a reasonable data structure, this can be done in O(1)
time. Hence, U ®¢ V' can be evaluated in O(py) time. Thus,
using the above approach, the CKY parsing can be done in
O(n3ps) time.

Lemma 2: The CKY parsing for an input string of length n
takes O(n3py) time, where po is the number of binary rules.

IV. BITWISE PARALLEL BULK COMPUTATION FOR CKY
PARSING

This section is devoted to show how we apply the BPBC
technique to the CKY parsing.

Suppose that a CNF context-free grammar G =
(N,X, P, S) is given. Let N = {Ny, Na,..., N} be a set of
non-terminal symbols, where b is the number of non-terminal
symbols. Recall that the CKY parsing repeatedly computes
UeV ={A| (A — BC) e PBeU, and C € V}.
We will show that computation of U ® V' can be represented
by a combinational logic circuit. Let U and V (€ 2V) be
represented by b-bit binary vectors ujus - - - up and v1vz - - - Vp,
respectively, such that u; = 1 iff N; € U. Also, let URgV =
wyws - - - wp. For a particular w, (1 < k < b), we are going to
show how wy, is computed. Let N, — N;, Nj,, Ni, — N;, N,

.., and, N — N; N, be the binary production rules in

Fig. 3. The circuit for computing Q¢

example’

P whose non-terminal symbol in the left-hand side is V.
Clearly, we can compute wy, by the following formula:

wg (U Avj) V(i Aj,) VoV (g, Avgy).

This formula corresponds to a combinational circuit with s
AND gates and s — 1 OR gates and the value of wj can
be computed by simulating the circuit. Figure 3 illustrates a
circuit for Gexample in Section III. Clearly, the combinational
circuit for ®g has po AND gates and less than po OR gates.

Since the computation of ® can be done by simulating a
combinational logic circuit, we can use the BPBC technique
for the CKY parsing, which repeatedly computes ®¢g. We
assume that M input strings Xo, X1,..., Xp—1 of length n
each are given. Our goal is to determine if G = (N, X%, P, S)
can generates X; forall ¢ (0 < ¢ < M —1) by the CKY parsing.
Similarly, we partition the input strings into % groups of d
strings each, because we use a d-bit CPU. Let z; ; denote
the j-th character of X,;. We show how we determine if G
can generate X; for the first group. We use |N| d-bit integers
to represent subsets of non-terminal symbols N for d input
strings of the first group. Each bit of d-bit integers corresponds
to one of the d input strings. Using these integers, we can
compute ®¢ by the bitwise operation very efficiently. Figure 4
illustrates the computation of ®¢ for an example of a context-
free grammar shown in Section III. It uses three 4-bit integers
to represent subsets of non-terminal symbols. Each of the 4
bits correspond to the following computation in terms of ®¢:

0: {S,B}®c¢{S, A} = {S,B}

I: {A}®¢{B} — {S, A}

2 {B}ee (s} - {}

3: {S,A,B}®g{A,B} = {S,A, B}

Since the computation of ®; can be represented by a
combinational logic circuit, we can compute ®¢ for d pairs
of input by bitwise logic operations. For example, the com-
putation illustrated Figure 4 can be done by bitwise logic
operations as follows:

Wy + (UA /\VB) \Y (UB /\VA) vV (Us /\Vs)
Wa—UsNVp
Wpe +— U ANVy
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Fig. 4. The computation of ® for four instances

Using this idea, we can perform the CKY parsing shown in
Section III. We perform the CKY parsing for d input strings
at the same time. The computation of ®¢ performed in line 6
of the CKY parsing can be done by O(py) bitwise logic
operations. Hence, the CKY parsing for d input strings can
be done in O(n3ps) time. Since we have % groups, we have

Theorem 3: The CKY parsing of M input strings of length
n each can be done in O( M”Tspz) time by the BPBC technique.
From Lemma 2, the CKY parsing for M input strings of length
n can be done in O(Mn3ps). Thus, the BPBC technique can
accelerate it by a speed-up factor of d.

V. THE BPBC ON THE UMM AND PERFORMANCE
ANALYSIS

The main purpose of this section is to show that the BPBC
can be implemented in the GPU very efficiently. For this
purpose, we first introduce the Unified Memory Machine
(UMM) [30], [31], which captures the essence of global mem-
ory access of the GPU. The reader should refer to [30], [31]
for the details of the the UMM. We evaluate the performance
of algorithms using the BPBC technique on the UMM to show
that they are efficient from the theoretical point of view. Since
the BPBC technique implemented in the GPU does not use
the shared memory, the UMM can be used for the theoretical
analysis of the performance.

Let us define the UMM with width w and latency [. Let m/[i]
(z > 0) denote the memory cell with address ¢. We assume
that each memory cell can store d-bit integer. The memory
of the UMM is partitioned into address groups A[0], A[1],...
such that each A[j] (j > 0) stores m[j - w], m[j - w + 1],
... m[(j + 1) - w — 1]. The reader should refer Figure 5 that
illustrates the memory for w = 4. Also, the memory access
is performed through [-stage pipeline registers as illustrated in

the figure. Let p be the number of threads of the UMM and
T(0), T(1), ..., T(p—1) be the p threads. We assume that p
is a multiple of w. The p threads are partitioned into % groups
called warps with w threads each. More specifically, p threads
are partitioned into £ warps W (0), W(1), ..., W(£ —1) such
that W) = {T(i-w), T(i-w+1),...,T((i +1)-w—1)}.
Warps are dispatched for memory access in turn, and w threads
in a warp try to access the memory in the same time. More
specifically, W (0), W(1),...,W (£ — 1) are dispatched in a
round-robin manner if at least one thread in a warp requests
memory access. If no thread in a warp needs memory access,
such warp is not dispatched for memory access. When W () is
dispatched, w thread in W () sends memory access requests,
one request per thread, to the memory banks.

For the memory access, each warp sends memory access
requests to the memory through the [-stage pipeline registers.
We assume that each stage can store the memory access
requests destined for the same address group. For example,
since the memory access requests by W (0) are separated
in three address groups in the figure, they occupy three
stages of the pipeline registers. Also, those by W(1) are
in the same address group, they occupy only one stage. In
general, if memory access requests by a warp are destined
for k address groups, they occupy k stages. We assume
that the memory access is completed as soon as the request
is dequeued from the pipeline. Thus, all memory access
requests by W (0) and W (1) in the figure are completed in
3(address groups)+1(address group)+5(latency)—1 = 8 time
units. We also assume that a thread cannot send a new memory
access request until the previous memory access request is
completed. Hence, if a thread sends a memory access request,
it must wait at least / time units to send a new memory access
request.

Let us implement the BPBC technique in the UMM and
evaluate the performance. As before, we have M inputs
Xo, X1,...,Xp—1 with m bits each and compute f(X;) for
all ¢ (0 < ¢ < M —1), where f is a function computed by
a combinational logic circuit with s gates. For this purpose,
we partition the input into 2 groups of d inputs each and
each thread i (0 < i < %‘/fl — 1) on the UMM computes
the value of i-th group by simulating the combinational
logic circuit. For example, thread 0 computes the values of
f(Xo), f(X1),..., f(X4—1). Each thread also uses s words
to store the output of s gates, and thus, it totally uses m + s
words. We arrange m + s words used by % threads in a 2-
dimensional array of (m+s) x & d-bit words as illustrated in
Figure 6. Each thread accesses to m+s words in a column and
simulates the combinational logic circuit for d inputs. We call
this arrangement the column-wise arrangement. Since words in
the same row are allocated in consecutive addresses, memory
access to words in the same row by w threads in a warp
occupies pipeline registers in one stage. Thus, memory access
requests by % threads to the same row occupies Md stages
and the memory access is completed in at most O( ;75 +1) time
units. Since every thread issues O(s) memory access requests
to simulate the combinational logic circuit, we have,
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Theorem 4: The BPBC represented by a combinational
logic circuit with s gates for M inputs can be done in
O(2M + sl) time units using 2/ threads on the UMM with
d-bit words, width w and latency .

Clearly, at most wd bits in the memory of the UMM can
be accessed in a time unit. To simulate a combinational logic
circuit with s gates for M inputs, at least sM memory requests
are necessary. Thus, this task takes at least Q(%) time on the
UMM and it is time optimal if sl < fﬂ—M, that is, if M > wdl
holds.

Next, let us evaluate the time for pairwise sum of M pairs
of two numbers using theorem 4. We assume that all numbers
are less than K. As we have discussed, the combinational
logic circuit to compute the pairwise sums has O(log K') gates.
Thus, from Theorem 4, we have,

Corollary 5: The pairwise sums of M pairs of two numbers
less than K can be computed in O(% + llog K) time
units using % threads on the UMM with d-bit words, width
w and latency I.

Similarly, this computation is optimal if M > wdl.

The reader should have no difficulty to implement the
CKY parsing by the BPBC technique shown for Lemma 3
on the UMM. Let M be the number of input strings of
length n. We use % threads on the UMM to perform the
CKY parsing. Recall that the CKY parsing for a context-
free grammar G repeatedly computes the function ®¢, which
can be represented by a combinational logic circuit with
O(p2) gates. Let b be the number of non-terminal symbols.
Each thread computes d CKY tables at the same time. Since
each CKY table has O(n?) entries, each thread uses O(bn?)

words to store all entries of d CKY tables. We arrange these
O(bn?) words in a column of 2-dimensional array similarly
to the column-wise arrangement shown in Figure 6. Using the
column-wise arrangement, memory access is coalesced, and
memory access requests by w threads in a warp occupies only
one pipeline stage. Each thread performs O(n3p,) memory
access operations and each memory access by % threads can
be done in O(% + 1) time units. Thus, we have,

Corollary 6: The CKY parging for M input strings of
length n can be done in O(% + n3pyl) time units on
the UMM d-bit words, width w and latency .

VI. GPU IMPLEMENTATION AND EXPERIMENTAL RESULTS

The main purpose of this section is to show experimental
results using Intel Core i7-4790 (3.6GHz) CPU and GeForce
GTX TITAN X (1GHz) GPU. GeForce GTX TITAN X has
24 streaming multiprocessors with 128 cores each. Hence, it
has totally 24 % 128 = 3072 processor cores. Since we use
the BPBC technique, we have not used the shared memory
of streaming multiprocessors on the GPU. Although Intel
Core i7-4790 has 4 processor cores, we have used only one
processor core to evaluate sequential algorithms. We may
accelerate the computation by a speedup factor of up to 4
if we implement a parallel algorithm that uses all 4 processor
cores. Since our goal is not to compare the computing powers
of Intel Core i7-4790 and GeForce GTX TITAN X, we have
not implemented a 4-parallel algorithm on Intel Core 17-4790.

A. Pairwise summing by the BPBC technique

We have evaluated the running time for pairwise summing
for 229 = 1048576 pairs of 32-bit unsigned integers stored in
the global memory of the GPU. We assume that all numbers
are less than 2% and evaluated the performance for every k
(1 < k < 32). The implementation of a sequential algorithm
for naive pairwise summing is obvious. It simply computes the
sum of two integers one by one. Bitwise pairwise summing
is performed by simulating k-bit ripple-carry adder circuit for
two k-bit integers. In GPU implementations, we invokes 1024
CUDA blocks with 32 threads each and each thread computes
the sums of 32 pairs by the BPBC.

Table T shows the running time and the speed-up factors.
The naive sequential algorithm runs about 0.676 ms, while
GPU performs the same computation in 0.0566 ms. Thus, the
GPU implementation is 11.9 times faster than the CPU for
the naive algorithm. The running time of bitwise CPU/GPU
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implementations is almost proportional to the value of k. Also,
the bitwise implementations are faster if £ < 19 on the CPU
and k£ < 29 on the GPU. We can say that, the BPBC is a potent
method if the upper bound of input numbers is limited, and the
GPU acceleration works very effectively. For example, if input
numbers is guaranteed to be in the range of 16-bit short integer,
the pairwise sums for 1048576 pairs can be computed only in
0.0223ms by the BPBC technique. On the other hand, naive
pairwise summing takes 0.0565ms. The sequential algorithm
for the bitwise summing technique runs 0.562ms. Hence, the
GPU bitwise pairwise summing is the best method among
others.

B. CKY parsing by the BPBC technique

We first show the implementation of GPU implementation
for CKY parsing by the BPBC technique. We use the global
memory of the GPU to store the CKY tables. The CKY parsing
computes elements of the CKY table in the order illustrated
in Figure 7. The elements are computed from bottom row.
In each row, they are computed from right to left. Hence,
we use the local memory of CUDA to cache the value of a
row currently computed. Note that the local memory may be
allocated in registers in the streaming multiprocessor if small,
and in the off-chip DRAM if large. Even if it is allocated in
the off-chip DRAM, it may be accessed faster than the global
memory, which is also arranged in the off-chip DRAM. This
is because an element of the local memory is accessed by a
particular thread, and cache mechanism may work efficiently
for the local memory. Hence, it makes sense to use the local
memory to cache a row. Also, since the capacity of the local
memory is limited, it is not possible to store all elements of
the CKY table in it.

Recall that the CKY parsing by the BPBC on the UMM uses
% threads for M input strings. Since we use 32-bit unsigned
integers, d = 32 and BMQ threads are invoked. We arrange 32
threads for each CUDA block, a CUDA kernel for the CKY

parsing invokes 10% CUDA blocks with 32 threads each.

Table II shows the running time of the bitwise CKY parsing
for M input strings of length 32. The context-free grammar
has 32/64 non-terminal symbols and 8192 production rules.
Each thread uses a 32-bit unsigned register to store the current
status of 32 non-terminal symbols. Note that, the total number
of possible binary production rules is 323 = 32768. We have
selected 8192 production rules form these rules at random. We
have evaluated the running time for M = 1024 to 2097512 (=
221), Clearly, the running time of the CKY parsing by the CPU
is proportional to M, because it just repeats the CKY parsing
for M input strings. On the other hand, the running time by the
GPU is not. Recall that, from Corollary 6, the CKY parsing
on the UMM takes O( "Si—fiM + n3pyl) time units. Roughly
speaking, from Table II, we can think that O(n3psl) ~ 0.4 for

32 non-terminal symbols. Also, O(”gi—fiM) ~ 3.85—-04 =

_ 3 ~ 345
3.45 when M = 2097152. Hence, O(=5) ~ 557iss ~
1.65 - 1076, Thus, we can say that, the latency overhead is
0.4 seconds and the throughput is 1.65 pus per CKY parsing.
Further, M must be so large that M > 262144 to hide the

latency overhead.

Table III shows the running time per string of the CKY
parsing for strings of length 32 using the BPBC technique. The
experiment is performed for 32, 64, 128, 256, and 512 non-
terminal symbols and 32, 64, ..., 131072 binary production
rules. Note that the number p, of binary production rules must
be [N| < pa < |N|?, where | N| is the number of non-terminal
symbols. If |N| > po, there exists a non-terminal symbol
that are not in the left-hand side of a binary production rule.
Since a binary production rule in form A — BC' includes
3 non-terminal symbols, it is not possible to have more than
|V|? distinct binary rules. Thus, the table does not include
the experiment for values p, out of this range. From the
capacity of the global memory of GeForce GTX TITAN X,
we can implement 2097152, 1048576, 524288, 262144, and
131072 CKY tables, respectively, which occupies 8Gbytes in
the global memory of the GPU. Clearly, the running time of
the CPU implementation is almost proportional to po, because
the number of bitwise operations performed is O(p3). Also,
for the same number of binary production rules, the CPU
implementation for more non-terminal symbols takes more
time. For example, the CKY parsing takes 1310 us for 32
non-terminal symbols and 16384 binary rules, while it runs
1740 ps if the context-free grammar has 64 non-terminal
symbols. This is because the locality of memory access.
Roughly speaking, each non-terminal symbol is accessed three
times for each binary rule. Hence, we can think that about
16%# = 1536 memory access operations is performed for
each of 32 non-terminal symbols. On the other hand, if the
context-free grammar has 64 non-terminal symbols, each non-
terminal symbols are accessed expected % = 768 times.
If the context-free grammar has fewer non-terminal symbols,
then each of them are accessed more frequently and the
memory cache mechanism work more efficiently.

Similarly, the GPU implementation also takes more time if
the context-free grammar has more non-terminal symbols. In



THE RUNNING TIME (IN MILLISECONDS) OF THE PAIRWISE SUMS FOR 1048576 PAIRS AND THE SPEED-UP FACTORS

TABLE I

k naive bitwise speed-up factors
CPU GPU CPU GPU | GPU over CPU | bitwise over naive
naive  bitwise CPU GPU
1 | 0.682 0.0564 | 0.0475 0.00119 12.1 39.8 144 472
2 | 0.676  0.0566 0.109  0.00230 11.9 47.6 6.18 24.6
3 | 0.676 0.0564 0.149  0.00337 12.0 44.1 4.55 16.7
4 1 0.677 0.0566 0.196  0.00445 12.0 44.1 3.45 12.7
5] 0.676  0.0566 0.221  0.00487 11.9 45.4 3.06 11.6
6 | 0.676  0.0569 0.250  0.00601 11.9 41.6 2.70 9.46
7 | 0.676  0.0565 0.278  0.00703 12.0 39.5 2.44 8.04
8 | 0.676 0.0564 0.310  0.00814 12.0 38.1 2.18 6.93
9 | 0.676 0.0566 0.340  0.00863 11.9 39.4 1.99 6.56
10 | 0.674  0.0563 0.376 0.0119 12.0 31.7 1.79 475
11 | 0.676  0.0565 0.403 0.0134 12.0 30.2 1.68 423
12 | 0.675 0.0565 0.434 0.0171 12.0 254 1.56 3.31
13 | 0.675 0.0565 0.464 0.0176 12.0 26.4 1.45 3.22
14 | 0.676  0.0566 0.496 0.0199 11.9 24.9 1.36 2.85
15 | 0.676  0.0565 0.529 0.0209 12.0 253 1.28 2.70
16 | 0.680 0.0565 0.562 0.0223 12.0 25.2 1.21 2.54
17 | 0.676  0.0566 0.592 0.0224 12.0 26.4 1.14 2.52
18 | 0.676  0.0570 0.623 0.0241 11.9 25.8 1.08 2.36
19 | 0.676  0.0567 0.657 0.0271 11.9 242 1.03 2.09
20 | 0.676  0.0567 0.691 0.0289 11.9 23.9 | 0.977 1.96
21 | 0.676  0.0569 0.726 0.0327 11.9 22.2 | 0.930 1.74
22 | 0.676  0.0565 0.761 0.0359 12.0 21.2 | 0.889 1.57
23 | 0.676  0.0567 0.796 0.0387 11.9 20.6 | 0.849 1.47
24 | 0.677 0.0570 0.830 0.0410 11.9 20.3 | 0.815 1.39
25 | 0.676  0.0565 0.865 0.0440 12.0 19.6 | 0.782 1.28
26 | 0.676  0.0566 0.902 0.0476 12.0 19.0 | 0.750 1.19
27 | 0.675 0.0564 0.936 0.0494 12.0 19.0 | 0.721 1.14
28 | 0.676  0.0568 0.973 0.0519 11.9 18.7 | 0.695 1.09
29 | 0.676  0.0567 1.01 0.0544 11.9 18.5 | 0.671 1.04
30 | 0.676  0.0566 1.04 0.0570 11.9 18.3 | 0.649 0.993
31 | 0.676  0.0569 1.08 0.0598 11.9 18.0 | 0.627 0.951
32 | 0.675 0.0568 1.41 0.0616 11.9 22,9 | 0.480 0.923

TABLE II

THE RUNNING TIME (IN SECONDS) OF THE BITWISE-PARALLEL CKY
PARSING FOR STRINGS OF LENGTH 32 AND CONTEXT FREE GRAMMARS
WITH 32/64 NON-TERMINAL SYMBOLS AND 8192 PRODUCTION RULES

AND THE SPEED-UP FACTOR

32 non-terminals 64 non-terminals
M CPU GPU  spd-up CPU GPU  spd-up
1024 | 0.679 0.412 1.65 | 0.637 0.432 1.47
2048 1.30  0.402 3.25 1.25 0435 2.87
4096 2,60 0.405 6.40 243 0437 5.56
8192 5.18 0.408 12.7 485 0441 11.0
16384 104 0.387 26.8 9.71 0423 22.9
32768 20.7 0.383 54 19.4 0425 45.6
65536 414 0.399 104 38.7 0459 84.4
131072 82.8 0.434 191 774 0.769 101
262144 166 0.754 220 155  0.989 157
524288 331  0.983 337 310 1.94 159
1048576 663 1.93 344 615 3.87 159
2097152 1330 3.85 344 - - -

addition to the locality of memory access, fewer active threads
increases the running time. For example, if the context-free
grammar has 32 non-terminal symbols, the global memory of
the GPU can store 2097152 CKY tables, which are computed
by % = 65536 threads. On the other hand, the global
memory of the GPU can store 1048576 CKY tables, which
are computed by 1043';2576 = 32768 threads. In general, to
maximize the memory access bandwidth, more threads must
be invoked at the same time. Hence, the running time per

input string is rather increased because fewer CKY tables are
computed using fewer threads.

From Table III, the GPU implementation is more than 400
times faster than the CPU implementation when the context-
free grammar has 32 non-terminal symbols and 16384/32768
binary production rules. However, if it has many non-terminal
symbols and the global memory of the GPU can store fewer
CKY table, we cannot attain high speed-up factor.

VII. CONCLUDING REMARKS AND FUTURE WORK

In this paper, we have introduced the Bitwise Parallel
Bulk Computation (BPBC) technique. We apply the BPBC
technique to two computations, the pairwise sum computation
and the CKY parsing. To show the BPBC technique works
efficiently, we give theoretical analysis of performance of these
two computations. We also implemented them on the GPU and
showed that the GPU implementations can be more than 400
times faster than the CPU implementation.

The BPBC technique is a potent method if we need to
execute a same algorithm for a lot of input at the same time.
Also, it can be much faster than a naive algorithm if the
number of bits in input numbers are small. We have only
shown efficiency of simple pairwise addition by the BPBC
technique, but we expect that other arithmetic operations can
be done faster than conventional methods. We are planning
to use the BPBC technique to implement small processing



TABLE III
THE RUNNING TIME (PER STRING IN MICROSECONDS) OF THE BITWISE-PARALLEL CKY PARSING FOR STRINGS OF LENGTH 32

cor

32 non-terminals 64 non-terminals 128 non-terminals 256 non-terminals 512 non-terminals
2097152 strings 1048576 strings 524288 strings 262144 strings 131072 strings
p2 | CPU  GPU  spd-up CPU GPU  spd-up CPU GPU  spd-up CPU GPU  spd-up CPU GPU  spd-up
32 | 4.62 1.24 3.73 - - - - - - - - - - - -
64 | 7.75 1.22 6.38 8.24 225 3.66 - - - - - - - - -
128 12.4 1.13 11.0 13.5 2.16 6.25 16.6 3.34 4.98 - - - - - -
256 23.1  0.956 24.2 23.8 1.58 15.0 27.1 2.77 9.78 335 5.45 6.15 - - -
512 | 41.0 0.827 49.5 42.0 1.54 27.3 48.1 3.48 13.8 552  7.64 7.23 65.6 12.8 5.11
1024 | 78.1  0.767 102 76.1 1.48 51.6 83.6 3.99 21.0 95.0 9.80 9.70 107 16.1 6.63
2048 156 1.35 115 151 1.80 83.7 156 4.65 33.6 169 13.1 12.8 184 21.2 8.67
4096 310 5.56 55.7 296 3.36 88.3 295 5.02 58.7 306 18.9 16.2 329 32.7 10.1
8192 626 1.84 341 588 3.68 160 574 6.71 85.5 588 33.8 17.4 605 54.2 11.2
16384 | 1310 3.01 436 1740 6.06 288 1910 10.7 178 2010 62.4 32.2 2070 97.6 21.2
32768 | 2730 6.00 454 3510 10.8 325 3850 18.6 207 4070 125 32.6 4180 188 22.2
65536 - - - 7010 20.4 344 7690 34.1 226 8140 248 32.8 8320 370 22.5
131072 - - - | 14100 39.5 357 | 16200 65.1 249 | 16900 501 33.8 | 16900 736 23.0
es, say, 10-bit processors. By the BPBC technique, only [16] A. V. Aho and J. D. Ullman, The Theory of Parsing Translation and

one thread can simulate thirty two 10-bit processor cores.
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